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NOTE ON THE DUAL OF A FOCAL PROPERTY OF TEE 
INSCRIBED ELLIPSE. 

Br R. E. Allabdioe. 

The focal property of the inscribed ellipse referred to in the title is the 
one to which the well-known theorem given by Steiner in an article entitled 
Developpement d'une serte de theoremes relatifs aux sections coniques,* relates, 
namely, that any two points that are isogonal conjugatesf with reference to a 
triangle are the foci of an ellipse inscribed in the triangle. As the focal prop- 
erties of a conic are metrical, we cannot be certain of recognizing all possible 
aspects of their duals. It is, however, not difficult to see that we may find a 
dual of the theorem that the focal radii are equally inclined to the tangent, in 
the theorem that the intercept on the tangent to a hyperbola made by the 
asymptotes is bisected by the point of contact.^ We may also (especially if 
we consider the analogue in spherical geometry) regard the theorem that the 
tangent to a hyperbola forms with the asymptotes a triangle of constant area, 
as a dual of the theorem that the sum of the focal radii of an ellipse is constant. 
The theorem that is the subject of this note is as follows : 
Ani/ (wo straight lines that are isotomic conjugates with reject to a triangle 
are the asymptotes of a hyperbola circumscribing the triangle. 

* Annates de MatMmatiques, vol. 19, pp. 87-64; &esammelte Werke, vol. 1, pp. 191-210. 

t Isogonal conjugates are defined thus : Two lines through the vertex of an angle are 
isogonal conjugates if they are harmonically separated by the two bisectors of the angle. With 
respect to a triangle, two points are called isogonal conjugates when the lines joining them to 
the three vertices of that triangle are pairs of isogonally conjugate lines in the three angles. 
Cf., for example, Lachlan, Modem Oeometry, pp. 65-66. 

To define similarly Isotomic conjugates, call the midpoint of a segment of a straight line 
and the infinitely distant point of that line the bisectors of the segment : then two points are 
isotomic conjugates in a segment of a line if they are harmonically separated by its bisectors. 
With respect to the three sides of a triangle, two lines are called isotomic conjugates when 
their points of intersection with those sides are pairs of isotomically conjugate points with 
respect to the segments included between pairs of vertices. 

X The lemma on which the duality of the figures is based Is apparently the following. In- 
frequent In text-boolcs ; J(f two sides of a triangle inscribed in an ellipse pass through the foci, 
the pole of the third side lies on the normal at the opposite vertex of the triangle. This pole being 
taken as centre of a circle, the two figures referred to are dual with respect to the circle — 
[Ed.] 
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DUAL OF A FOCAL PROPEKTY OF THK INSCRIBED ELLIPSE. ] 49 

The proof by elementary geometry is immediate. Let PD and PE be 
isotomic conjugates with reference to the triangle ABO (Fig. 1) ; through A 
and O draw AH smd. QM, Alfaxid. OL parallel to PB and PE. 




Fig. 1. 

Then the triangles AHE and DLO are congruent, as are also the triangles 
BNA and GME. Hence the parallelograms AP and GP are equal in area ; 
and hence a hyperbola may be constructed with PD and PE as asymptotes, 
to pass through A, B and G. 

Thus if the envelope of one asymptote of a conic circumscribing a triangle 
be given, we can write down the equation of the envelope of the other. In 
particular, if the first asymptote pass through a fixed point, the second 
asymptote will envelope a conic inscribed in the given triangle. 

I have obtained the following results : if 

?/97 + mya + na/S = 

be the equation of a circumscribed conic, then the equations of the asymptotes 
are 

a'a + [{A + ^ablm ± {al + hm - cn)Ai\/2lm]^ 

+ [ j A + 2achi T (al - bm + en) A* j /ihi'] y = 0, 

where A = a'^P + l?m^ + chi^ — 2ublm — 2hann — 2canl. 
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ALLARDICE. 



Further if pa + q^ + ry = he the equation of one of the asymptotes, 
then I, m, n, are determined hy the equations 

l/p (br — cqY = mjq (cp — ar)* = njr (aq — bpy. 

It is well known that the nine-point circle is the locus of the centre of an 
equilateral hyperbola circumscribing a given triangle. The following simple 
proof, depending on the foregoing theorem, seems worth noticing. 

Let ABC (Fig. 2) , be any triangle, and BEF, JD'E'F' a pair of isotomic 
conjugates intersecting at right angles in P. These lines are by the former 




Fio. 2. 

theorem the asymptotes, Pthe centre, of an equilateral hyperbola circumscribed 
to the triangle ABO. The locus of P is to be found. Let L, M, JV, be the 
middle points of the sides, then i, M, If, are likewise the middle points of 
DJy, EW, FF' ; hence we have 

LNPM= LNPF + LMPE = LMFP + LMEP = A= LNLM. 

Hence P lies on the circle passing through L, M, 2f, that is, on the nine- 
point circle. 



